Abstract. In 1998 A. Soranzo introduced the notions of +∞-and −∞-chord functions (see [16] ). In this paper we give an answer to the question when a convex body is determined by the values of −∞-chord functions at chosen internal points. We also give some partial results regarding +∞-chord functions.
Introduction
R. Gardner defined geometric tomography as "retrieval of information about a geometric object from the data about its sections, or projections or both". In this paper the data about 1-dimensional sections are obtained using +∞-or −∞-chord functions. The ±∞-chord functions were introduced by A. Soranzo in [16] as a generalization of i-chord functions for i ∈ R to the case i = ±∞. In this paper we give full characterization of the convex bodies uniquely determined by values of −∞-chord functions at chosen internal points (Theorem 1.20). For strictly convex bodies we give characterization in the both cases, for −∞-and +∞-chord functions (Corollary 1.22 and Theorem 1.24).
We use the following notation: for affine independent points x 1 , . . . , x n in R n the simplex with vertices x 1 , . . . , x n is denoted by ∆(x 1 , . . . , x n ). For convenience, a closed segment ∆(a, b) will be denoted also by [a, b] . As usually, B n and S n−1 are the unit ball and the unit sphere in R n . The ball centered at x with radius α will be denoted by B(x, α).
Let A be a nonempty compact subset of R n ; then A is a body if and only if A = cl(intA). We say that a set A is convex if for any a, b ∈ A we have [a, b] ⊂ A. By K n we shall denote the family of all compact convex and nonempty subsets of R n and the family of all convex bodies will be denoted by K n 0 . Let K ∈ K n , x ∈ bdK and u ∈ S n−1 ; then by E(K, u) we shall denote the half-space supporting the set K with exterior normal vector u 2000 Mathematics Subject Classification: 52A20.
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188 G. Sójka and by E(K, x) we shall denote the family of all half-spaces supporting the set K at the point x. The support function h(K, ·) : S n−1 → R of a convex body K is defined by the formula h(K, u) := sup{u • x| x ∈ K}.
The set A ⊂ R n is star shaped at p if for all a ∈ A the segment [a, p] is contained in A. We say that A is star shaped if there exists p ∈ A such that A is star shaped at p. The set of all points p such that A is star shaped at p is called the kernel of A and denoted by ker A. The family of all star shaped, compact subsets of R n will be denoted by S n , the family of all star bodies will be denoted by S n 0 , and the family of star bodies K such that int(ker K) = ∅ will be denoted by S n 00 . We say that a closed set A ⊂ R n is star shaped at p in a new sense if the intersection of A with any line passing through p is connected (see [9] ). The set of all such p is called extended kernel of K and denoted by exkerK. The radial function ρ A : R n \ {0} → R + of a set A with 0 ∈ exkerA is defined by the formula
Since the radial function is homogeneous of degree −1, in this paper we will restrict ρ to S n−1 . The radial distance δ(A, B) between A and B such that
Let A, B be nonempty, compact subsets of R n . The mapping d is defined by the formula d(A, B) := inf a∈A,b∈B a − b . In particular, when a ∈ R n then d(a, B) := d({a}, B). The Hausdorff distance between A and B is defined by the formula δ H (A, B) := max{max{d(a, B) : a ∈ A}, max{d(b, A) :
For any p ∈ R n by σ p we shall denote central symmetry at point p. In particular, σ = σ 0 . For any K ∈ K n 0 and p ∈ intK we define the mapping σ K p : bdK → bdK as follows: if x ∈ bdK, then σ K p (x) is the only point of bdK such that p belongs to the chord
Moreover, it can be shown that σ K p is a homeomorphism. For any a, b ∈ R n \ {0} by ∠(a, b) we shall denote the angle between half-lines starting at 0 and passing through a and b, respectively. In case a, b ∈ R 2 \ {0} by − → ∠ (a, b) we shall denote the directed angle. By H n−1 (A) we shall denote (n − 1)-dimensional Hausdorff measure of A ⊂ R n (see [13] ).
Determination of convex bodies by values of ±∞-chord functions
Let K be a closed subset of R n such that 0 belongs to exkerK. The ±∞-chord functions ρ K,±∞ : S n−1 → R belong to the bigger family of i-chord functions ρ K,i : S n−1 → R, where i ∈ R ∪ {±∞}. Problems which are strongly related to chord functions were considered many years before the notion of chord function was introduced. One of the first paper related to this subject was published by W. Süss in 1925 ([18] ). He considered equichordal points, i.e. points p such that all the chords passing through p have constant length. He did not use the term 'chord function'. The length of the chord passing through p in direction u ∈ S n−1 is ρ K−p,1 (u) := ρ K−p (−u) + ρ K−p (+u). It means that p is equichordal if 1-chord function of the body K at the point p is constant. In three dimensional case Süss also considered points p such that every intersection of a body K with a plane passing through p has the same area. It may be shown that it is the same as to say that function ρ K−p,2 defined by ρ K−p,2 (u) := (ρ K−p (−u)) 2 + (ρ K−p (+u)) 2 is constant. Süss posed the question if the existence of such point implies that K is a ball.
Another early work strongly connected with chord functions was published by Klee in 1969 ([10] 
The definition of i-chord functions for real i was given by Gardner in [7] . Let K be a closed subset of R n and let 0 ∈ exkerK. If the line parallel to a vector u ∈ S n−1 and passing through 0 does not intersect the set K, then ρ i K (u) = 0. Otherwise, for i = 0 we use the formula:
and in the case i = 0:
Alessandro Soranzo generalized this definition in a natural way to the case i = ±∞:
Basic properties may be found in [16] . Note that ρ K,i are even or, in other words, ρ K,i = ρ σ(K),i . Moreover, ±∞-chord functions are increasing: if
The next basic property is described by
Proof. We shall consider two cases: Case 1: n = 1. Let us notice that K is a closed segment. Its endpoints will be denoted by p 1 and p 2 . Then
, where p ′ = max{ p 1 , p 2 } and p ′′ = min{ p 1 , p 2 }. Let us notice that in this case S n−1 = S 0 = {+u, −u}. Thus
Hence ρ K,+∞ = ρ K ′ ,+∞ . In similar way we can show that
Case 2: n ≥ 2. Let u ∈ S n−1 . By intersecting sets K, K ′ , K ′′ with the line passing through 0 and parallel to u we get the situation as in case 1. Since u is arbitrary to finish the proof we only need to note that the set K ′ as the union of two bodies is also a body. Generally the set K ′′ need not be a body.
The following observation turned out to be useful. Remark 1.4. Let us present informal intuition. We shall take a look at the case n = 1. This means that our convex body K is a segment. Let x + and x − be its endpoints. Suppose that we would like to modify body K without changing the values of −∞-chord functions. There are two cases:
We may assume that x − < x + and then ρ K,−∞ (±u) = x − . Thus we may modify the shape of K by moving slightly the point x + . If we do so then values of ρ K,−∞ (±u) would not change. If we move x − then ρ K,−∞ (±u) would change immediately.
Case 2: x − = x + . Then we may extend K by moving one of the ends. If we try to shorten K or move both ends simultaneously then ρ K,−∞ (±u) would change.
This remark leads us to the next definition.
p of bdK will be defined as follows:
By continuity of radial function, the sets
By the same reason we get bdK
. Let K be a ball centered at p with a "tumour". At Figure 1 we can see the sets The set K − p is an open arc on the left hand side of K. The corresponding "tumour" on the right hand side contains K + p . The set K 0 p consists of two remaining closed arcs, one at the top and the other at the bottom. Figure 1 suggests that there is some kind of symmetry between locations of K − p and K + p . It can be described in terms of the mapping
In a similar way we can show that
According to Remark 1.4, if we decide to change the shape of K without changing values of −∞-chord function at point p, then we may push out the part of the boundary contained in K 0 p and K + p in such a way that we do not move antipodal points from K 0 p . Let us notice that in dimensions greater than 1 we cannot move points of bdK − p (⊂ K 0 p ) without moving point of K − p . So, if we consider −∞-chord function, then the part of the boundary where we cannot make any change is not only K − p but clK − p . Let now P be a finite subset of intK. If we consider −∞-chord functions at points of P , then the part of boundary where changes are not allowed will be clK − P , where
In the case of +∞-chord functions it will be clK + P , where
. This way of thinking gives us an easy way to obtain negative results. To show how it works let us consider the intuition connected with Theorem 6 in [17] . Let us first prove the following
We may assume that p = 0. We shall consider the body
Moreover, using Cauchy surface formula (see [14] formula 5.3.27, p. 295), it may be shown that if A, B are convex bodies such that A B then A has smaller area measure than B. In our case it means that H n−1 (bdK) > H n−1 (bdK ′ ). As a consequence
. As a simple consequence we obtain Corollary 1.8. Let K ∈ K n 0 and p ∈ intK, where n ≥ 2. Then
Let us now consider a body K containing points p, q in its interior. By Corollary 1.8 we have
is positive and there should be enough space to modify K without changing values of −∞-chord functions at points p and q. It might suggest that in the case of n ≥ 2 a convex body is not determined by values of −∞-chord function at two internal points. Actually it is possible to obtain much stronger result. Theorem 1.9. Let n ≥ 2 and let K ∈ K n 0 be strictly convex and let P be finite subset of intK such that dim(convP ) < n. Then K is not uniquely determined by values of −∞-chord functions at points from P .
Unfortunately it is known that the measure of clK − p may be greater than the measure of K − p (see [11] ). Therefore, even in case n = 2 Corollary 1.8 is not strong enough to be used in the proof of Theorem 1.9. Detailed proof of this theorem may be found in [11] .
In further considerations we shall assume that K ∈ K n 0 and P , P − and P + are finite subsets of intK.
Let us notice that there is a significant difference between the case n = 1 and n ≥ 2. If n = 1, then the boundary of K consists of two points whence K is strictly convex. In the case n ≥ 2 we have two kinds of convexity. Moreover, if we try to change the shape of K, then we cannot move a single boundary point: to preserve convexity we must move also points in its neighborhood. To explain it precisely let us consider the following example (compare Theorem 2.10 in [16] ). It shows also that in Theorem 1.9 the assumption of strict convexity cannot be omitted. Example 1.10. Let p, q ∈ R n be two different points and δ > 0. Let
Obviously the half-sphere contained in bdK on the left hand side of the figure is K − p and the one at the right hand side is K − q . According to Remark 1.4, we cannot change their shapes without changing values of −∞-chord functions at points p and q. Thus, we cannot modify the remaining parts without losing the convexity. We conclude that we cannot make any small modification of the body K. In [16] 
is not very helpful in proofs of positive results. It may happen that we cannot make any small modification (in the sense of Hausdorff metric) but the body K is not uniquely determined. Let us consider n-dimensional simplex K := ∆(x 0 , . . . , x n ) for n ≥ 2 and +∞-chord function at the point p := 1 n+1 n i=0 x i . By Remark 1.4 the situation is the same as in Example 1.10. We cannot modify the part of the boundary bdK contained in K + p without changing values of ρ K−p,+∞ . But vertices x 0 , . . . , x n belong to relintK + p . It means that we cannot modify the remaining part of the boundary of K without losing the convexity. It does not mean that K is determined uniquely. Theorem 8 in [17] shows that there are exactly two convex bodies with the same values of +∞-chord functions at p as K. They are K and σ p (K). It means that if there is no possibility to do a small modification, then in general we only know that the body K is an isolated element of the family containing all convex bodies with the same values of chosen chord functions. The situation is much simpler if we restrict our consideration to −∞-chord functions.
We shall start from definition. Definition 1.11. Let P be a finite subset of intK, and i ∈ R ∪ {±∞}.
Then by F K P,i we shall denote the subfamily of K n 0 defined by the formula
In the proofs we shall use the abbreviation F K P := F K P,−∞ . Let us notice that if P = ∅, then F K P,i = K n 0 . To make Definition 1.12 easier to remember, we shall give short explanation. Our intention is to denote by K P,i the biggest set which is contained in all convex bodies from F K P,i , i.e. K P,i = F K P,i . Similarly K P,i is the smallest set containing all convex bodies from F K P,i , i.e. K P,i = F K P,i . In Definition 1.12 we shall define sets K P,−∞ , K P,−∞ and the set K P,−∞ * . The last one does not have a nice interpretation. It is a kind of tool similar to K P,−∞ but easier to find. Because of some technicalities we shall first give geometrical definition and then we shall prove that indeed K P,−∞ = F K P,−∞ and K P,−∞ = F K P,−∞ . Definition 1.12. For any K ∈ K n 0 the convex sets K P,−∞ , K P,−∞ * , and K P,−∞ are defined by the formulae:
The notions defined by Definitions 1.4 and 1.12 should be treated as operations. As a consequence, we get for example (
)}, and (K P,−∞ ) P,−∞ = K P,−∞ . In the proofs we shall use the abbreviations K P := K P,−∞ , K P := K P,−∞ and
Example 1.13. At Figure 3 we can see the sets K P,−∞ , K P,−∞ * , and K P,−∞ for the body K and the set P := {p}, described in Example 1.10. The set K P is the ball centered at p, the set K P * is the part of the plane bounded by half-lines L 1 , L 2 and shorter arc joining their endpoints. Of course, K P is centrally symmetric at p, so bd(K P ) = (K P ) 0 p , which implies
Let us notice that the sets K P,−∞ , K P,−∞ * and K P,−∞ are convex and closed. Indeed, for the set K P,−∞ it follows from Proposition 1.3 while the sets K P,−∞ * and K P,−∞ are intersections of families consisting of closed and convex subsets of R n .
As a consequence of Proposition 1.3 (ii) we get also Theorem 1.14. Convex body K P,−∞ satisfies the following conditions:
Proof. Proof will consist of three parts.
Therefore, by previous part, for any p ∈ P we have inclusion K ∩ σ p (K) ⊂ K P ⊂ K. By Proposition 1.3, the −∞-chord functions ρ (K∩σ p (K))−p,−∞ and ρ K−p,−∞ are equal; thus by Proposition 1.2 also
Let us note the following
Proof. (i). Let x ∈ M
− P and p ∈ P be such that x ∈ M − p . Without loss of generality we may assume that
As a consequence we get the following
Proof. Theorem 1.14 implies K P ⊂ K. By Proposition 1.15, we obtain K P * ⊂ (K P ) P * = K P . Before we pass to the next theorem we shall prove two lemmas. First one is technical.
Proof. Without loss of generality we may assume that p = 0. Let u ∈ S n−1 be such that
Let us suppose that a ∈ cl((
In the same way we can prove that b / ∈ cl((
and by the same reasoning ρ K P (−u) < ρ M (−u).
By the continuity of the chord function we conclude that a, b ∈ intM ∩ relint((K P ) 0 P ). Thus there exist A, B ⊂ relint((K P ) 0 P ), neighborhoods of points a and b, respectively, which are open in bdK
Lemma 1.18 shows how to make the body K P,−∞ bigger in such a way, that we get an element of F K P,−∞ . Lemma 1.18. Let y ∈ K P,−∞ . Then M := conv(K P,−∞ ∪ {y}) ∈ F K P,−∞ . Proof. If y ∈ K P , then M = K P , whence by Proposition 1.3 the assertion follows.
Let us consider the case y / ∈ K P . Let us suppose M / ∈ F K P . Since the set M is bounded, it follows that there exists p ∈ P such that ρ M −p = ρ K−p . Without any loss of generality we may assume that p = 0. Let X be as in Lemma 1.17 and let ±a ∈ X. As we know, the part of the boundary of K P contained in X is symmetric at 0. Since X is an open subset of bd(K P ) it follows that if E ∈ E(K P , a), then −E ∈ E(K P , −a).
Let us now suppose that y ∈ E; then M = conv(K P ∪ {y}) ⊂ E. Of course, a ∈ bd(E). Moreover a ∈ K P ⊂ M ⊂ E. Thus a ∈ bd(M ). On the other hand, we have a ∈ X ⊂ intM , a contradiction. Therefore y / ∈ E. In a similar way we can prove that y / ∈ −E. Of course 0 ∈ E, thus y / ∈ E ∪ −E = R n . Again we get a contradiction, whence M ∈ F K P . Now we are ready to prove
It is a simple consequence of Lemma 1.18.
2. (⊃) By Theorem 1.14 we get K P ⊂ M . From Proposition 1.15 (ii) it follows that M ⊂ M P * ⊂ (K P ) P * = K P . As a consequence of Theorems 1.14 and 1.19 we obtain Theorem 1.20. F K P,−∞ = {K} if and only if the following conditions are satisfied:
is not true, then, by Proposition 1.15, we have K K P * ⊂ K P . Thus there exists x ∈ K P which does not belong to K. By Lemma 1.18 we get K = conv(K P ∪ {x}) ∈ F K P ∋ K, a contradiction.
By definition of the set K P and by (i) we have K P = K P * . Moreover, (ii) implies K = K P . By Theorems 1.14 and 1.19,
In the case when body K is strictly convex, Theorem 1.20 may be formulated in terms of K − P . Let us first prove Proposition 1.21. Let K be a strictly convex body. Then bdK = clK − P if and only if the following conditions are satisfied:
Proof. (⇒) By Theorem 1.14, to prove (i) we only need to show that K ⊂ K P . Let x ∈ bdK. Then x ∈ clK − p for some p ∈ P . We obtain σ p (x) ∈ K, and x ∈ K ∩ σ p (K). Since x is arbitrary and K, K P are convex, it follows that K = conv(bdK) = conv(clK − P ) ⊂ conv(clK P ) = K P . Let x ∈ K − P and let E ∈ E(K, x). Then x ∈ K ⊂ K P * and K P * ⊂ E by definition of K P * . Moreover x ∈ bdE, whence x ∈ bdK P * . We conclude that bdK = cl(K − P ) ⊂ cl(bdK P * ) = bdK P * . Since K and K P * are convex bodies, we obtain (ii).
(⇐) Let us suppose that bdK = clK
is an open subset of bdK. By strict convexity of K, there exists a convex body
Therefore (ii) is not satisfied, which completes the proof.
As a direct consequence of Theorem 1.20 and Proposition 1.21, we get Corollary 1.22. Let K be a strictly convex body. Then F K P,−∞ = {K} if and only if clK − P = bdK. As we can see, Remark 1.4 is useful in considerations regarding −∞-chord function. Unfortunately it is useless if we deal with +∞-chord functions. The main problem in this case is to find the sets K P,+∞ and K P,+∞ without knowing F K P,+∞ . But, as a simple consequence of Proposition 1.3 (i) we get the following Proposition 1.23. Let K P,+∞ := F K P,+∞ and K
Let us notice that, in general,
. It is easy to find an example showing that K P,+∞ * may be disconnected. On the other hand, for all M ∈ F K P,+∞ we have P ⊂ intM . Hence the set K P,+∞ is arcwise connected.
The following counterpart of Corollary 1.22 shows some analogy between −∞-and +∞-chord functions. 
. By strict convexity of K the point x does not belong to M , hence there exists a hyperplane H separating x and M . The hyperplane H divides the space into two closed halfspaces. By E we shall denote the one containing the set M . Let K ′ := K ∩ E and p ∈ P . Of course p ∈ intB(p,
Without loss of generality we may assume that p = 0. Let u ∈ S n−1 and let L + and L − be half-lines starting from p and having directions +u and −u respectively. It it easy to see that at least one of the half-lines L + and L − is disjoint with H. Without loss of generality we may assume that
Therefore the only point of the set L + ∩bdK does not belong to K + P . We obtain ρ K (u) ≤ ρ K (−u), which implies ρ K,+∞ (±u) = ρ K (u). Moreover, by inclusion K ′ ⊂ K, also ρ K ′ (u) ≤ ρ K (u). We obtain ρ K ′ (u) ≤ ρ K (u) ≤ ρ K (−u) = ρ K ′ (−u), which implies ρ K ′ ,+∞ (±u) = ρ K ′ (u). Hence ρ K,+∞ (±u) = ρ K ′ ,+∞ (±u).
(⇐) Let K ′ ∈ F K P,+∞ . Let M := p∈P (K ∪ σ p (K)). By Proposition 1.3 (i) K ′ ⊂ M . Let us notice that K ⊂ K ∪ p∈P σ p (K) = M . Let p ∈ P and x ∈ K + p . Obviously, x ∈ K ⊂ M . Moreover, it is easy to see that x ∈ bd(K ∪ σ p (K)). Thus x ∈ bdM . Hence bdK = clK + P = cl( p∈P K + p ) ⊂ cl(bdM ) = bdM . We infer that K is one of the components of M . Now, since K ∩ K ′ ⊃ P = ∅ it follows that K ′ ⊂ K. Let now y ∈ K + P ; then there exists q ∈ P such that y ∈ K + q , whence ρ 
Therefore y ∈ K ′ . Since y is arbitrary, we obtain K = conv(bdK) = conv(clK
Hence K ′ = K. An interesting conjecture arises when we consider Corollary 1.22 and Theorem 1.24. 
Final remarks
As we have seen, it is more difficult to investigate problems concerning +∞-chord function than those concerning −∞-chord function. There are two main reasons. The first one is related to Theorem 8 in [16] . It shows that F K P,+∞ may be disconnected while the family F K P,−∞ is always connected. The second one is that we do not know how to find the sets K P,+∞ and K P,+∞ without knowing F K P,+∞ . Therefore, the following problem is open. Problem 2.1. When a convex body (not necessarily strictly convex) is determined by values of +∞-chord functions at a finite number of internal points?
We may also ask about mixed case, i.e., when we use both +∞-and −∞-chord functions.
Let us note that we do not need to assume that P ⊂ intK in Definition 1.5. It is enough to assume that P ∩ bdK = ∅. Thus we may consider the following We may also consider the case when P ∩K = ∅. All we know is described by Example 2.1 in [16] .
